THE GRADIENT FLOW OF THE I? CURVATURE 
ENERGY ON SURFACES 
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Abstract. We investigate the gradient flow of the I? norm of the Rie- 
mannian curvature on surfaces. We show long time existence with arbi- 
trary initial data, and exponential convergence of the volume normalized 
flow to a constant scalar curvature metric when the initial energy is be- 
low a constant determined by the Euler characteristic of the underlying 
surface. 



1. Introduction 

In this paper we study the gradient flow of the 1? norm of the curvature 
tensor on surfaces. Let us first introduce some notation. Fix (M n ,g) a 
Riemannian manifold, and let Rm denote the Riemannian curvature tensor, 
and s the scalar curvature. Furthermore, let 

T{g) := / \Rm g \ 2 dV g . 
Jm 

In what follows we will often drop the explicit reference to g, as all objects in 
sight will be referencing a given time-dependent metric. A basic calculation 
([1] Proposition 4.70) shows that 

1 2 

(1) grad T = 6dr — R + — |Rm| g. 

where d is the exterior derivative acting on the Ricci tensor treated as a 
one-form with values in the cotangent bundle, and 5 is the adjoint of d. 
Moreover, 

r> _ p npqr 

For purposes of this paper, we say that a metric is critical if 

grad T = Xg 

for some A. In general gradient flows of Riemannian functionals are natural 
tools for finding critical points. Specifically, consider the negative gradient 
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flow of T: 

9(0) = go- 

This is a nonlinear fourth order degenerate parabolic equation. Since the 
equation is fourth order maximum principle techniques are not available, 
and the analysis largely relies on integral estimates. In [6] we showed short- 
time existence of the initial value problem as well as derivative estimates 
and a long-time existence obstruction. Furthermore, in [7] we showed fur- 
ther regularity results, and in [8] showed exponential convergence in four 
dimensions to a round metric when the L 2 norm of the traceless curvature 
tensor is sufficiently small. 

Due to the scaling properties, the functional T is not particularly inter- 
esting in dimensions n > 5, but is certainly interesting when n < 4. From 
here on let us fix n = 2. In this case the energy T takes the simple form 
(after rescaling), 

F(g) = [ s 2 g dV g . 
Jm 

By adding a constant depending only on the genus of M, setting 

- _ Jm s 9 dV 9 
9 ~ f M dV g 

we may express 

16vr 2 x(M) 2 
Vol(M) J M 

where Ca(g) denotes the Calabi energy. By applying the algebraic curvature 
identity 

Rijki = -s [gugjk - 9ik9ji] 
which holds on surfaces one can compute from ([T]) that 

(4) grad7"= - Asg + V 2 s - ^s 2 g. 
Thus we may express equation ([2]) in the simpler form 

(5) ^g = Asg - V 2 s + ^s 2 g. 

We will also consider solutions to the corresponding volume-normalized 
equation 

(0) _, = A «-V». + i ^- i ^- 5r , 

Critical metrics on surfaces, i.e. metrics where the right hand side of 
([6]) vanishes, are also called extremal Hermitian metrics, and have been 



(3) Hg) + ";„u»7/ = / ( s 9 - ~ s 9? dv 9 =■ Ca( 5 ), 
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the object of intense study (see for instance Indeed, Chen's conver- 

gence/compactness criterion for metrics with bounded volume and Calabi 
energy [3] will be essential to our proofs. 

Theorem 1. Let (M 2 ,go) be a compact surface. The solutions to |5p and 
{6p with initial condition g$ exist for all time. 

Incidentally, equation © is the gradient flow of the scale-invariant version 
of J 7 , i.e. 

£{g) = T{g)Yo\{g). 

Observe that, as a consequence of the Gauss-Bonnet theorem and Holder's 
inequality, we have 

[4vr X (M)] 2 = Usdv) <£(g), 

with equality achieved only in the case of constant scalar curvature metrics. 
If the initial energy is sufficiently close to this minimum value, we are able 
to conclude exponential convergence of ([6]) at infinity. Specifically, 

Theorem 2. Let (M 2 ,go) ^ e a compact surface. If 

(7) £( 50 )<167r 2 [| X (M)| + l] 2 . 

the solution to converges exponentially to a constant scalar curvature 
metric. 



2. Proof of Theorem Q] 



We will start the proof of Theorem [T] with a reduction. Let (M 2 ,g(t)) be 
a solution to ([5]). The Hessian term can be expressed as a Lie derivative, 
specifically V 2 s = ^C\/ S g. Therefore by a well-known procedure we can 
modify a solution to ([2]) by a family of diffeomorphisms to remove this term. 
We will make this procedure more precise below. For now consider the 
equation 



(8) 



9 \ 1 2 

—g = Asg + -s g. 
dt 4 



Equation ((HJ) has the nice advantage of being conformal. It follows from the 
diffeomorphism invariance of T that it is nonincreasing for solutions to ([8]) . 
However, we need the precise form the evolution equation. 

Lemma 3. Let (M 2 ,g(t)) be a solution to $8\). Then 



M 



+ 



o 


2" 




V 2 s 




dV 



o 

where V 2 s is the component ofV 2 s orthogonal to g. 
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Proof. Using (jlj) we directly compute that a solution to (jHJ) satisfies 
d 



at 



M 



-Asg + V 2 s - ^s 2 g, Asg + -s 2 g ) 



However, grad T is divergence- free, therefore 

f (-As + V 2 s-]s 2 g,V 2 s)dV = [ (divgrad T, Vs) = 0. 
A/ \ 4 / J M 



Hence 



d_ 

at 



M 



Asg - V 2 s + -s 2 g 



dV. 



Now let us decompose pointwise 



1 1 ° 1 

Asg - V 2 sg + -s 2 g = Asg - -Asg - V 2 s + -s 2 g 



where V 2 s refers to the component of V 2 s orthogonal to g. Therefore one 
has, pointwise, 



V 2 s + ^s 2 g 



1 



As + -s 2 ) 



- V 


2 .5- 




2 






+ 


V 


2 s 



+ 



V 2 s 



The result follows. 



□ 



We recall Chen's bubbling criterion for conformal metrics on surfaces. In 
the statement below, Br{x) refers to the ball of radius R around the point 
a; in a background metric go. 

Theorem 4. f[3] Theorem 1, [9] Theorem 3.2). Let g n = e 2Un g be a 
sequence of smooth conformal metrics on M with unit volume and bounded 
Calabi energy. Then either the sequence {u n } is bounded in H 2 (M,go) or 
there exist points x±, . . . xi € M and a subsequence {u n } such that for any 
R > and any I 6 {1, . . . , L} there holds 



lim inf 

n— yoo 



Br(x,) 



Is J dV 9n > 47T. 



Moreover, there holds 



4ttL < lim sup F(g n ) 2 < oo, 



and either u n — > —oo as n — > oo locally uniformly on M\{x\, . . . ,xl} or 
{u n } is locally bounded in H 2 (M, go) away from x\, . . . xl- 
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We can now give the proof of Theorem Q} 

Proof. Given (M 2 ,g), let g(t) be the solution to (|8|) with initial condition g. 
By Lemma[3] Ca(g(t)) < Ca(<?). Suppose T < oo is the maximal existence 
time of g(t). According to Theorem U] we either have that ut is uniformly 
bounded in H 2 (M,go) as t — > T or there is at least one point x € M such 
that for all > 0, 



(9) lim / \s t \ > 4tt. 

Suppose the second alternative holds, and let a; be the point where ([9]) holds. 
Fix some e > 0. Since J 7 is a continuous, nonincreasing function of t which 
is bounded below, we may choose to > 0, T — 1 < to < T such that 

FCto) - lim Fit) < e. 

t-+T 



Furthermore, choose R > small such that 



B R (x) 



dV 9(to) < £ - 



Let 

fit) = [ dV g{t) 

JBntx) 



B R (x) 

Recall that the integral is over the ball of radius R with respect to go . We 
estimate 



d . r 

'B R (x) 



B R {x) 



i ^ 2N 



<f(t)-2±T(g(t)). 

The last line follows using Lemma [3J We may integrate the limiting ODE 
of this differential inequality to conclude that for t > to, 



/(*)< 
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Since — -^^{gijp)) > we can estimate 



= 2{T{g(t ))-T{g{t))) 



<2\ T(g(t )) -lim T(g(t)) 
\ t-*T 

< 2e. 



It follows that 



We conclude that 



f(t) < 3ee*-*°. 



lim f \s\dV q < lim ( f s 2 dV q \ f(t)? 

^tJ Br{x) t->T\J BR{x) y j 

< {3ee T - t0 T(g(0))) h . 
Since to > T — 1 , we conclude that if e < 3e jr^ g ^ , then 

lim / \s\ dV g < 47T. 

for e chosen small with respect to J-(g(0)). This contradicts ([9]), and there- 
fore the first alternative of Theorem H] must hold. In particular, ut is uni- 
formly bounded in H 2 , and hence in C° by the Sobolev embdedding. We 
next claim that the curvature is bounded up to time T. Suppose 

lim sup |s| = oo 

t^>T 

and choose a sequence {xi,ti} realizing this limit, and let A.; = |s| s ( t< ) (xi). 
Consider the sequence of solutions to ([8]), 

t 

A? 



gt(t) := Xig ( U + 



By construction sup \s\ g . (0) = 1. The sequence of metrics {g{\ have bounded 
Sobolev constant (which is scale invariant) and bounded curvature. It fol- 
lows from ([6] Theorem 7.1) that there exists a subsequence converging 
to a limiting solution of (JSj) - Strictly speaking ([6] Theorem 7.1) was 
only proved for solutions to ([2]), but the estimates clearly apply since they 
are diffeomorphism invariant. By construction sup|s| 5oo = 1. However, 

■F{g(ti)) < J-~(g(0)), and moreover F(Xg) = jJ-'(g). Thus F{goo) = 0, a 
contradiction. It follows that the curvature is bounded up to time T, and 
hence by ([6] Theorem 6.2), the solution exists smoothly past time T. 

We use a diffeomorphism change to obtain the long-time existence of 
solutions of ([2]). Let g(t) denote the solution to ([8]) with initial condition 
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g discussed above. Following the prior discussion, we may define the one- 
parameter family of diffeomorphisms 

3 ' 1 (V*)« 



dt 



2 
Id 



where here (Vs)" denotes the vector field dual to Vs with respect to the 
metric git)- By the estimates for g{t) which we have shown, (pt is smooth on 
any finite time interval [0, T]. Consider the one-parameter family of metrics 
g(t) = <p^g(t). Note that by construction g(0) = g(0) = g. We can directly 
compute 



m 9 ® 



Ft 9 ) + 1^ 9 ® 



V 2 i 



{&9{t))-c. 



L )*Vs(i)^ 



4>t9{t)) 



V 2 s(cP* t g(t)) + V 2 s(<%g(t)) 



= (— gradJ 7 

= -gradJ"(p(t)) 
= -gradJ"(p(t)). 

Thus 4>t(g(t)) is the solution to (j2j) with initial condition g, which by the 
estimates already shown above exists for all time. □ 

3. Proof of Theorem [2] 
Proof. Let g(t) be a solution to the conformal volume-normalized flow, i.e. 



(10) 







1 



— g = Asg + -s g - - 



a- 



at* ~° ' 4~ » 4 J M dV 

This flow preserves the initial volume, which we will assume without loss of 
generality to be 1. This flow differs from flSJ) by a rescaling in space and a 
reparameterization of time, and these scales are determined by the volume 
of the solution to ©, which is easily seen to grow at worst linearly. In 
particular, it is easy to see that the corresponding solution to (|10p exists for 
all time. Furthermore, one can show using an argument akin to Lemma [3] 
that 

2 



(11) 



0_ 

01 



T 



M 



M 



Asg 



V 2 s + 



1 



s 2 9 



s dV g 



M 





o 


2" 




{L' 2dv ))' + 






dV. 











First we want to show subsequential convergence to a metric of constant 
curvature. Consider now some sequence of times {tj} — > oo. The metrics 
g(ti) have bounded Calabi energy and unit volume. By Theorem [4], we either 
have bubbling or smooth convergence. In the case of smooth convergence, 
the limiting metric is necessarily extremal Hermitian by (llip . and hence 
constant curvature. This was first observed by Calabi [2], and can be seen 
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by pairing the critical equation equation against As and integrating by parts. 
So, let us assume that the sequence bubbles in the sense of Theorem [H At 
this point we break into two cases. 

First assume x(M) < 0. By Theorem [U either one gets a well-defined 
limit metric g^, on M := M\{ bubble points} or the sequence experiences 
collapse and the volume of M is zero in the limit. First we rule out the 
collapsing possibility. In the terminology of [3], if this occurs then M is 
a "ghost vertex" in the tree decomposition of the limit of {g(ti)}. Every 
vertex which is not a ghost vertex (and one must exist since the area is 
fixed) corresponds to a finite-area metric which is critical by (jlip . This 
is necessarily the rotationally symmetric "teardrop metric" of Chen ([3] 
section 8). One can show that this metric still has strictly positive curvature 
integral, in particular, the contribution to the Euler characteristic of the 
limiting tree is positive. It follows that the Euler characteristic of M must 
be strictly negative. We conclude that 

°* (i><4 

But the area approaches zero and the Calabi energy remains finite, so this is 
a contradiction. Therefore the collapse possiblity does not occur, and hence 
we conclude weak convergence to a critical bubbled metric. The schematic 
picture of the limit is in Figure [TJ 



Teardrop bubble 




Figure 1. A conformal bubbled metric 

It remains to compute the energy of this metric to derive a contradiction. 
Since there exists at least one bubble point, the Euler characteristic of M is 



I? FLOW ON SURFACES 



9 



strictly negative. Specifically, 

X (M) < X (M) 



1. 



Since is an extremal metric on a surface of negative Euler characteristic, 
it follows from ([3] Theorem A) that in fact s 9oc = —a. We conclude by the 
Gauss-Bonnet theorem that 



4-7T 



X{M) 



sdV 



aVol(M). 



Therefore since Vol(M) < 1, we directly estimate 



•^(ffoo) 



s 2 dV 



a 2 Vol(Moo) 



16^ 



X(M) 



Vol(Moo) 
> 16^ 2 [|x(M)| + l] 2 . 

Since the volume was fixed to be 1 along the flow, we have by hypothesis 
that the initial energy is below 16-7T 2 [|%(M)| + l] 2 . Certainly then the limit 
should have energy below this value as well, contradicting the above. Thus 
this bubbling possiblity does not occur and the flow converges to a constant 
scalar curvature metric, as claimed. 

Now we address the case of the sphere. First let us rule out the collapsing 
case. By following the proof in the negative Euler characteristic case we see 
that the only case which is not immediately ruled out is when the Euler 
characteristic of M (using the notation above) is zero, which can theoreti- 
cally happen in the case of two bubbling points. The simplest example of 
this behavior is shown in Figure [2l 




Two bubbles connected by a collapsed neck 




Figure 2. Collapsed metric on the sphere 

In this case, there must be at least two "deepest bubbles" -61,-62 which 
by the arguments above must correspond to teardrop metrics. One can 
explicitly compute the energy contained in a teardrop bubble in terms of its 
area. In particular (see [I] section 8), one has 
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Since Vol(-Bi) + Vol(-E>2) < lj one can use the inequality ~ + > 4 for 
< x < 1 to conclude that 



(12) lim F(g(ti)) > 64vr 2 , 



contradicting our low-energy hypothesis. Therefore we must get a noncol- 
lapsed limit at infinity, and it remains to rule out bubbling in this case. We 
know that in this noncollapsed case that the limiting metric must be a criti- 
cal metric with cusp ends. In particular, there must be at least three bubble 
points and the limiting metric has constant negative curvature. What is 
more, there are three deepest bubbles which must correspond to teardrop 
metrics, and hence precisely as above one obtains (|12p . In fact one gets an 
even better bound, but certainly at least we have proved that in the general 
case (|12p holds, contradicting our initial energy hypothesis. 

To finish the proof we need to exhibit exponential convergence, which 
we only sketch here since these details are the same as the case of Calabi 
flow which appear in ([5] Proposition 6.1). The main estimate to show 
is exponential decay of the Calabi energy. By the above arguments, any 
sequence of times {ti} must be bounded in H 2 , therefore there is a uniform 
bound for u in H 2 which holds for all times. By the Sobolev embedding 
we conclude a uniform C° bound for u, and hence a uniform bound for the 
Sobolev constants of the time- varying metrics. Moreover, the Calabi energy 
converges subsequentially to zero. At any large time where Ca(g(t)) < e, 
using the Sobolev constant estimate of the time- varying metrics, one can 
obtain the estimate 



In the case of nonpositive Euler characteristic one immediately concludes 
exponential convergence. In the case of the sphere one has to exploit the 
Kazdan- Warner identity to show that s — s is nearly orthogonal to the first 
eigenspace of A, after which exponential convergence follows. With this 
exponential decay in place we can get exponential convergence in stronger 
norms. First, since we know the Sobolev constant is uniformly bounded 
for all time, by repeating the blowup argument of Theorem Q] we obtain a 
uniform curvature bound. Now we can apply ([5] Theorem 5.4) to conclude 
that all Hi norms of curvature decay exponentially as well. With the expo- 
nential convergence in hand, standard calculations show that once we pull 
back the conformal flow to give a solution of ([2]), we still have exponential 
convergence, and the result follows. □ 



Naturally, one expects that the flow should converge to a constant scalar 
curvature metric with arbitrary initial data. The reason one can obtain 
this for Calabi flow is that one has monotone quantities which are constant 
only at constant scalar curvature metrics. Indeed, the existence of such a 




4. Further Questions 
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quantity for ([2]) would immediately imply convergence with arbitrary initial 
data, via arguments that appear in ([5]). 
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